We make some remarks on the group of symmetries in gravity; we believe that K-theory and noncommutative geometry inescepably have to play an important role. Furthermore we make some comments and questions on the recent work of Connes and Kreimer on renormalisation, the Riemann-Hilbert correspondence and their relevance to quantum gravity.
Introduction and Motivation
The main reason for the prominent role of Yang-Mills theories in physics is the fact that such quantum theories make sense, namely one can extract finite answers for physical quantities through a process known as renormalisation. The proof of this celebrating fact was given some 30 years ago by G. 't Hooft who introduced the method of dimensional regularisation (see for instance [7] ). We know that the 3 out of the 4 known interactions in nature are Yang-Mills theories. Thus one can indeed have a meaningful quantum theory for electroweak and strong interactions.
Gravity however, the 4th known interaction in nature, is a different story: although it can be thought of as a gauge theory, it is not of Yang-Mills type since it has two special features: it has a different action and a different gauge group of symmetries. From the early days of the development of quantum field theory (due to Dirac, Schwinger, Dyson, Feynman etc), people knew that gravity suffers from (incurable perhaps?) divergencies and infinities and all known methods which worked in other theories, such as the Pauli-Villars method or dimensional regularisation, they all brake down in this case. Of course since the days of A. Einstein, a quantum theory of gravity is every self-respectful physicist's dream. It is perhaps surprising the fact that although gravity is the weakest of all interactions and one might expect perturbative methods to work quite well for it, it is the interaction for which all known renarmalisation schemes fail. Being optimistic, we shall not call gravity a nonrenormalisable theory, we shall only say that we do not know yet how to renormalise it.
Aside: We take the point of view that quantum gravity-which is currently an elusive theory-should exist; the argument in favour of its existence goes as follows (the original argument we think was due to P.A.M. Dirac): let us consider Einstein's classical field equations which describe gravity (we assume no cosmological constant and we set the speed of light c = 1):
In the above equation, G denotes Newton's constant, T µν denotes the energymomentum tensor and G µν denotes the Einstein tensor which is equal, by definition, to G µν := R µν − 1 2 Rg µν , where g µν is the Riemannian metric, R µν is the Ricci curvature tensor and R is the scalar curvature. One can see clearly that the RHS of the above equation,namely the energy-momentum tensor, contains mass and energy coming from the other two interactions in nature; mass for instance, consists of fermions (quarks) and leptons and we know that these interactions (strong and electroweak) are quantized and hence the RHS of the equation contains quantized quantities. So for consistency of the equations, the LHS, which encodes geometry, should also be quantized.
[Comment: one may argue that the LHS may remain classical while the RHS may involve the average value of an operator; however such a theory will not be essentially different from classical general relativity and probably not qualified to be called quantum gravity, what we have in mind is Ehrenfert Theorem from Quantum Mechanics. We think of the above field equations as describing, in the quantum level, an actual equality between operators].
Dimensional regularisation is really an ingenious idea; yet it is more like a number of "rules of thumb" with no mathematical justification; it miraculously works though, so there must be something deep in it, which was missing. Recently we gained some deeper understanding of the renormalisation process through the brilliant and pioneering work of Connes and Kreimer (see [2] and [3] ). We would like to use their framework in order to see what goes wrong with the case of gravity and if there is any hope to get a quantum theory of gravity which would be renormalisable. We can ask yet another question: although gravity is a theory which we do not know how to renormalise, is it possible that a "unifying" theory containing gravity (along with the strong and the electroweak interactions which are of Yang-Mills type) might be renormalisable with some of the already known schemes through some miraculus cancelations?
Let us elaborate more on the two differences between gravity and Yang-Mills theories (like the strong and the electroweak forces). The first difference is the action: in Yang-Mills theories we start with a 4-dim (pseudo) Riemannian manifold M represetning spacetime along with a structure Lie group G (say G is some SU (N ); to be phenomenologically correct, G = SU (3) for the strong force and G = U (2) for the electroweak force) representing internal symmetries; we thus construct a principal G-bundle over M whose total space P gives the internal space of the theory; we pick a connection A on the bundle P (which represents the gauge potential) with curvature (field strength)
where d A denotes the exterior covariant derivative w.r.t. the conection 1-form A. Then the (pure) Yang-Mills action reads (ignoring constants)
where " * " denotes the Hodge dual. The group of (internal) gauge transformations is the infinite dim Lie group of bundle automorphisms, denoted B, covering the identity map on the base manifold-sometimes these are called strong bundle automorphisms, (or equivalently B = M aps(M → G)) (see [1] ). The Euler-Lagrange equations read
The above equations state the deep geometric fact that "the curvature of the internal space is caused by the existence of the relevant charges". Similarly the corresponding monopoles are singular points where the Bianchi identity fails.
Gravity is different: the (Einstein-Hilbert) action reads
where R denotes the scalar curvature of the Levi-Civita connection defined via the metric. The corresponding Euler-Lagrange equations are Einstein's equations which (ignoring constants) equate the Einstein tensor with the energy-momentum tensor. These equations are different (but in similar spirit) from the Yang-Mills equations: the internal space is spacetime itself (or its tangent bundle to be more precise) and the relevant charge for the gravitational interaction is mass. Einstein's equations then tell us qualitatively that "it is not only mass (ie the relevant charges) which curve the internal space but there is additional curvature coming from the intrinsic geometry of the spacetime manifold itself". As about the group of (spacetime) gauge transformations, this is the infinite dim Lie group of local diffeomorphisms Dif f (M ) of M .
Thus the total group of symmetries, denoted T , is the crossed product between the internal B and the spacetime Dif f (M ) group of gauge transformations. Clearly in order to unify strong and electroweak forces we should take B to be the group of strong bundle maps with strucure group
If one wishes to build a unifying theory of all interactions, there are two obvious ways to proceed: One can either try to see if there is a "space"M such that T = Dif f (M). This means that at least as far as symmetries are concerned, we would like to make the would-be unified theory actually "look like" a "gravity" theory on a new spacetime manifoldM . This approach was adopted by Connes et all (see [5] ) and it is useful if one wants to use the quantum theory in order to reveal the deep underlying "quantum" geometry of spacetime; by following this approach one ends up with the Connes-Lott model and its variations (the double-sheeted spacetime), namely the new spacetimeM is a noncommutative space (ie a space whose algebra of coordinate functions is noncommutative) where the metric is given by the inverse of the Dirac operator (Dirac propagator) or the Schwinger-Dyson propagator used more recently in [6] .
The second way is to try to see if there is a suitable "extended" (Lie perhaps?) groupG which we use in order to construct a principalG-bundle with total spaceP over ordinary spacetime M such that T equals the Lie group of strongG-bundle automorphisms (i.e. automorphisms ofP covering the identity map on the base space of this extended bundle or equivalently T = M aps(M →G)). In other words, in this approach one wants to make the would-be unified theory "look like" a Yang-Mills theory (at least as far as the symmetries are concerned, no mention of the action at this point). This approach wishes to make use of the crucial advantage of the renormalisability of Yang-Mills theories and thus one hopes that this would-be unified theory (containing gravity) will eventually be renormalisable.
The first approach works and indeed we have various proposed models and we get information about the underlying spacetime geometry dictated by quantum theory. Yet we get no information about the quantization of gravity. Concerning the second approach however, it is not even clear whether such a group likeG exists at all. We believe that this is the true motivation behind the development of various supergravity or super Yang-Mills theories. Yet we should be careful here: people in supergravity start by "gauging the Poincare group". For simplification we assume the Riemannian case and hence the Lorentz group becomes SO(4); this is the structure group of the tangent bundle T M of M where by picking a Riemannian metric a reduction of the structure group takes place, i.e. we go from GL(4; R) to SO(4). Yet if one does this, one gets as gauge symmetry group the group of bundle automorphisms of the tangent bundle T M of M which cover the identity map on the base (the strong tangent bundle automorphisms); clearly, this group is NOT Dif f (M ), neither does it contain Dif f (M ); they may be related but it's not clear how.
So people add fermionic degrees of freedom (Grassmann variables) (make use of the Coleman-Mandula theorem) and now the picture starts becoming messy: our understanding is that these grassmann variables are added to the structure group and hence one ends up with a super-Lie group. At the best of our knowledge, there is no proof that even by using this super-Lie group as the structure group of a bundle over ordinary spacetime one can get a group of strong bundle automorphisms which equals (or contains) Dif f (M ). Hence by gauging the Poincare group one does not get as group of gauge transformations the group of local diffeomorphisms of the spacetime manifold which is the true symmetry group of Einstein's general relativity. The advantage however is that this way nonetheless gives indeed renormalisable theories, but it also manifests a symmetry between bosons and fermions which does not exist in nature.
We would like to offer some ideas of completely different origin on this approach in the next section.
An idea on approximating the group of local diffeomorphisms
Let us start with the elementary fact that given a smooth real function f : R → R, we can use Taylor expansion and approximate f by its derivatives (up to infinite order); let us now assume that f is a smooth map from the smooth manifold M onto itself, where dimM = n; we pick some local coordinates {x i }, where i = 1, 2, ..., n for M ; we know that the tangent bundle T M of M has local coordinates {x i , ∂ ∂x i }, where dim(T M ) = 2n, thus schematically T M is like "M plus its first derivative". Similarly, the tangent bundle of the tangent bundle T T M := T 2 M will have local coordinates containing the x i 's, their first and second derivatives. Clearly dim(T 2 M ) = 4n. This is also a bundle over M with structure group GL(3n; R) (check, clearly composition of projections is again a projection). To approximate a smooth map f from M onto itself then, by immitating the Taylor expansion of a real function of 1 real variable, it seems that we need to consider the infinite order tangent bundle T ∞ M of M which will be also a bundle over M with structure group GL(∞; R). [Note: Strictly speaking the principal bundle is the bundle of linear frames of M whose structure Lie group is GL(n; R) and the tangent bundle T M is its associated vector bundle; hopefully there is no misunderstanding caused since we tend not to be very careful to distinguish between them].
We know that given in general any algebra (or ring) A, we form the group GL(∞; A) of invertible ∞ × ∞ square matrices with entries from A as follows: we start with GL(n; A) for some finite n ∈ N * (i.e. n is a positive integer); there is a canonical way to inject GL(n; A) into GL((n + 1); A): if C ∈ GL(n; A) is an n × n invertible suqare matrix with entries from the algebra (or ring) A, we map it onto the following element in GL((n + 1); A):
Then we take the inductive limit of GL((n + 1); A) for n → ∞ which we denote GL(∞; A), namely one has GL(∞; A) = lim n →∞ GL((n + 1); A)
Then we can define the K-theory groups of A (due to Bott perioodicity we have only two of those) as follows: The main point of this argument is that if one wants to approximate smooth maps and hence get a grasp on Dif f (M ), one will probably see K-Theory poping up; this seems reasonable since after all K-theory is an ∞ × ∞ generalisation of linear algebra (see for instance [1] ).
It is perhaps not clear at this point if one will have to consider K(M ), K(R) or its compactification K(S 1 ). Clearly R is contractible and noncompact, hence its K-groups are not interesting but we can compactify it to S 1 (this gives a flavour of Kaluza-Klein ideas perhaps) and we know that K 0 (S 1 ) = Z. However the right thing to do, we believe, is to consider K(M ) for the following reason: we know that bundles are locally but not necessarily globally Cartesian products, and hence we want to consider local and not only global gauge transformations to approximate Dif f (M ); thus the topology of M should be used at some stage. We can be more precise on this point: for convenience we turn from the Lie groups to their corresponding Lie algebras: the Lie algebra b of the Lie group B of local gauge transformations B = M aps(M → G) used above can be expressed as b = g ⊗ C(M ), where g denotes the Lie algebra of the Lie group G and C(M ) denotes the (commutative) algebra of functions on the manifold M , namely we consider matrices in g with entries from C(M ); that amounts to, in the above discussion, take A = C(M ), (namely we replace R with C(M ) but we keep the general linear group since we need it as the strucutre group of the tangent bundle and its powers), hence if we take the inductive limit and then take its fundamental group we shall end up with the K-groups of the algebra C(M ); but Serre-Swan theorem tells us that this is equal to the topological K-theory of the manifold M which is what we considered.
The bottom line of this argument is that following the second way (namely try to make the unified theory look like a Yang-Mills theory for which we have a good understanding of quantization and renormalisation), the sought after extended group should be schematically something likẽ G =(discrete group)×G, where G is the "honest" Lie group G = SU (3) × U (2) × SO(4) for the strong, electroweak and "linear gravity" interactions respectively; yet the "total" groupG should contain a cross product with an additional discrete group related to the K-theory group of the spacetime manifold M which would take care of the "nonlinear" part of the local diffeomorphisms, namely the "nonlinear" gravity terms, hence more precisely one should have something likeG = K(−) × G. It is perhaps more convenient to take the crossed product noncommutative algebra D = K 0 (M ) ⋊ C(G) where C(G) denotes the commutative algebra of functions on the Lie group G seen as a manifold (in which case we are not considering the Lie group structure on G). Since D is a noncommutative algebra, one can very easily turn that into a Lie algebra by taking the commutator of two elements as the Lie bracket. Hence we have a good candidate at least for the adjoint bundle of the sought for principalG-bundle. Thus one can define connection 1-forms (gauge potentials) and curvature 2-forms (gauge fields) since these are Lie algebra valued. However this will not be a Lie algebra coming necessarily from a Lie group, at least not in a straitforward way. Perhaps there is an underlying quantum Lie group yet to be discovered. The principal bundle itself, apart from providing the finite gauge transformations (and not only the infinitesimal ones as does the adjoint bundle), is important for an addiitonal reason: the holonomy, i.e. the Dirac phase factor, the true quantum observable from the Aharonov-Bohm effect, belongs to its structure group; but unfortunately, for the moment, we have nothing more to say on this.
Clearly we end up again with a noncommutative space, since K(−) is a discrete group crossed product with the commutative algebra of functions on an honest Lie group C(G). Hence it appears that whichever of the two obvious approaches one follows for a unified theory of all interactions, noncommutative geometry enters the scene either as a noncommutative spacetime or as a noncommutative algebra used as structure group (but perhaps not a Lie group).
Remarks:
1. There is a point which is still unclear: why should we take only the fundamental group of GL(∞; A) and not all its homotopy groups? We know that due to Bott periodicity there are only two K-groups; however one can also use the higher homotopy groups provided one applies Quillen's famous plus construction which will give nontrivial higher K-groups. But the role of these higher K-groups is unclear even in the mathematics literature. Another option would be to take the group ring of π 1 (M ) and apply Quillen's ideas to it; this will lead us to the Waldhausen K-theory (see [1] ) but it is not easy to relate the Waldhausen K-groups to physics which is what we are trying to do in this article.
2.
There are some more versions of "supersymmetric" theories where the Grassmann variables are added to the spacetime manifold as extra degrees of freedom. That will bring us to the Connes-Lott models and approach. Supersymmetry is quite popular in the physics community and since at least until now, there is no experimental evidence for its existence, people assume that it must be spontaneously broken.
3. There has been around in the literature for 15 years or so the notion of quantum bundles (through the work of Majid etc); one can, in a sense, say that what we propose here is some sort of a quantum bundle structure over spacetime where the structure group is not a quantum Lie group (which is what is used in the definition of quantumm bundles; a quantum Lie group comes from deformations of classical Lie groups) but it is a noncommutative space (defined via its noncommutative algebra of coordinate functions).
4.
Since a Riemannian metric reduces the structure group of the tangent bundle from GL to SO, perhaps one should take KO-groups instead of K-groups.
5.
It is perhaps worth emphasising that the discrete group should be the K 0 (M ) and not say π 1 (M ). The argument leading to the K-group is the attempt to approximate a smooth map from M onto itself by its derivatives in all orders, that leads to the infinite order tangent bundle, thus to the inductive limit of GL, thus to the K-groups.
Renormalisability of quantum gravity
We would like to understand what goes wrong with gravity using the deeper Connes-Kreimer framework and see if there is any chance to say anything useful about a possible renormalisation of gravity or of the unified theory.
Kreimer discovered the Hopf algebra of Feynman graphs H and then Connes-Kreimer associated a Lie group G to it using the Milnor-Moore theorem. Roughly G comes from the group of characters of H. The antipode map S in the Hopf algebra delivers the same terms as those needed for the subtraction procedure in renormalisation. One can understand S by using the Riemann-Hilbert correspondence.
A well-known instance of the Riemann-Hilbert correspondence (which in general gives equivalences between geometric problems associated with differential systems with singularities and representation theoretic data) is the 1:1 correspondence between (gauge equivalence classes of) flat connections on a vector bundle and (conjugacy classes of) representations of the fundamental group of the base manifold onto the strucure Lie group, the correspondence given by the holonomy of the flat connection. Essentially Connes-Kreimer use a variation of the above well-known example of the Riemann-Hilbert correspondence: the base is an infinitesimal punctured disc (which is a non-simply connected space) ∆ * of CP 1 around the point D = 4 (the complex surface comes from the complexification of dimension which from N takes values in R and then 't Hooft complexified it in his dimensional regularisation scheme), the strucure group is G m which if we are not mistaken it is just complex numbers (as multiplicative group) and the total space is denoted B. The fibre represents rescaling and then we study equisingular (representing independence of choice of unit of mass) G-valued flat connections (the Lie group G is the one coming from group of characters of the Hopf algebra H of Feynman graphs due to Kreimer). From the representation theory side we study representations U * → G * where U is the universal group of all physical theories and G * = G ⋊ θ R.
Questions: 1. Does the Hopf algebra H of Feynman graphs and its Lie group of characters G apply only to QED, or they also apply to non-Abelian (Yang-Mills) gauge theories? If yes, what are H and the Connes-Kreimer group G for a non-Abelian (Yang-Mills) gauge theory? Do they apply to gravity? If yes, what are they? 2. In Connes-Kreimer discussion there is no explicit mention on the dependence of H and G (if they depend at all!) on the two main ingredients of a gauge theory: action and symmetry group. They may depend on the form of the action since the form of the action dictates perturbative series expansion and hence Feynman graphs. If yes, what can one say explicitly for this dependence of H and G on the form of the action in general? Moreover we know that gauge symmetry is crucial in 't Hooft's dimensional regularisation. What is the relation between the Connes-Kreimer Lie group G and the structure Lie group of a Yang-Mills theory? What about gravity? What about the dependence in general of H and G on the group of gauge transformations? 3. Let us try to duplicate the Connes-Kreimer framework in the case of gravity, namely we would like to build the Riemann-Hilbert correspondence for quantum gravity. Clearly U * is a universal group for all physical theories, hence there is no change here. Similarly the punctured disc ∆ * should remain the same for a possible dimensional regularisation of quantum gravity in dim 4. The structure group G m which representrs rescalling should not be changed either. Thus the only ingredient which may change for the case of quantum gravity is the Connes-Kreimer group G since gravity has different action and different group of gauge transformations. What is it? Supposing we find the corresponding G for gravity, there must be something going wrong in building the Riemann-Hilbert correspondence since we know already that dimensional regularisation fails for gravity. What is this exactly? Can it be cured? 4. Is there any chance that dimensional regularisation miraculusly works for the "unified" theory? What is the Rieman-Hilbert correspondence for it (if that makes any sense at all)?
